Let k, m and r be three integers such that 2 ≤ k ≤ m ≤ r. Let G be a 2r-regular, 2m-edge-connected graph of odd order. We obtain some sufficient conditions, which guarantee G − v contains a k-factor for all v ∈ V (G).
Theorem 1.2 (Tutte, [6])
A graph G has a 1-factor if and only if c o (G − S) ≤ |S| for all S ⊆ V (G).
The following theorem is well-known Tutte's k-factor Theorem. Theorem 1.3 (Tutte, [7] ) Let G be a graph and k be an integer. Then G has a k-factor if and only if, for all D, S ⊆ V (G) with D ∩ S = ∅,
where q G (D, S; k) is the number of components C of G − (D ∪ S) such that e G (V (C), S) + k|C| ≡ 1 (mod 2). Moreover, δ G (D, S) ≡ k|V (G)| (mod 2). (Sometimes C is called k-odd
component.)
The following theorem examines the existence of a 1-factor in vertex-deleted subgraphs of a regular graph. Theorem 1.4 (Little et al., [2] ) Let G be a 2r-regular, 2r-edge-connected graph of odd order and u be any vertex of G. Then the graph G − u has a 1-factor.
Katerinis presented the following result, which generalizes Theorem 1.4. Theorem 1.5 (Katerinis, [4] ) Let G be a 2r-regular, 2r-edge-connected graph of odd order and m be an integer such that 1 ≤ m ≤ r. Then for every u ∈ V (G), the graph G − u has an m-factor.
Main result
The purpose of this paper is to present the following result which generalizes Theorem 1.5.
Theorem 2.1 Let m and r be two integers such that 2 ≤ m < r. Let G be 2r-regular, 2m-edge-connected graph with odd order. If one of the following conditions holds, then G − v has a k-factor for all v ∈ V (G).
(i) k is even and 2 ≤ k ≤ m;
(ii) k is odd, 3 ≤ k ≤ m and 2m > r.
Proof. Suppose that the result doesn't hold. Then there exists u ∈ V (G) such that G − u contains no k-factors. Let H = G − u. By Theorem 1.3, there exist two disjoint subsets D and S of V (G) − u such that
(1)
Otherwise, suppose c(W ) ≤ 1. We consider two cases.
So k|S| ≥ k|D| + 2 and hence |S| > |D|. But V (H) = D ∪ S and |V (H)| is even, therefore
Now since G is 2r-regular by Tutte's theorem we have
and hence,
However
Therefore (4) becomes
Now using (2) and since e G (u,
Moreover, by (3), |S| ≥ |D| + 2, we can conclude from (6) that k ≥ r + 1. That is a contradiction, thus Case 1 can't occur.
Then we have q H (D, S; k) ≤ 1 and this implies
So k|S| ≥ k|D| + 1 and hence |S| > |D|.
Since G is a 2m-edge-connected, 2r-regular graph, so we have
Now using (7) implies
Thus (2r − 2k)(|D| − |S|) ≥ 2m − 2r + 2 ≥ 2k − 2r + 2 from which it follows |D| ≥ |S|, a contradiction. So Case 2 can't also occur.
So we have c(W ) ≥ 2. We denote the components of W by C 1 , . . . , C c(W ) . Suppose that
Firstly, we consider (i). Then we have
Thus we have (2r − 2k)(|D| − |S| + 1) ≥ 2m from which it follows |D| ≥ |S|. For every odd component C of W , the integer k|V (C)|+ e H (V (C), S) is odd and since k is an even integer, so e H (V (C), S) must be odd. Thus e H (V (C), S) ≥ 1 and so
Hence (1) implies k|S| ≥ k|D| + 2 from which it follows that |S| ≥ |D| + 1, a contradiction.
Secondly, we show that (ii), that is, k ≥ 3 is odd and 2m > r. By Theorem 1.5, we can assume that m < r. So we have
Thus we have (2r − 2k)(|D| − |S|) ≥ 4m − 2r ≥ 2 and hence |D| > |S|. Let q = q H (D, S; k). Note that
So we obtain
By (1), we have
and q ≥ k + 2 since |D| > |S|. By (8) and (9), we have
a contradiction. We complete the proof. 2
The bounds are sharp. Firstly, we show that the upper bound is sharp. Let G 1 be the complete graph K 2r+1 from which a matching of size m is deleted. Let G 2 be the bipartite graph with bipartition (U, W ) obtained by deleting a matching of size m from K 2r,2r . Let 
So by Theorem 1.3, G − u contains no m * -factors.
Next we show that the lower bound is sharp. Let Γ be the complete graph K 2r+1 from which a matching of size r − 1 is deleted. Take 2r − 1 disjoint copies of Γ. Let M r−1 be a matching of size r − 1. Let H be the 2r-regular graph obtained by matching the 2r − 2 vertices of degree 2r − 1 in each of 2r − 1 disjoint copies of Γ to the vertex set S of M r−1 .
, so by Theorem 1.2, G − v contains no 1-factor for all v ∈ V (M r−1 ). So the lower bound is sharp.
Finally, we show that the condition 2m > r is sharp. Otherwise, suppose that 2m ≤ r. Let R 1 denote the complete bipartite graph K 2r,2r−1 with bipartition (U, W ), where |U | = 2r and |W | = 2r − 1. Let R 2 be the complete graph K 2r+1 from which a matching of size m is deleted. Take two copies of R 2 . Match 4m vertices of degree 2r − 1 of two copies of R 2 to 4m vertices of degree 2r − 1 of K 2r,2r−1 , and then add a matching of size r − 2m to the rest vertices of degree 2r − 1 of K 2r,2r−1 . Then we obtain a 2r-regular, 2m-edge-connected graph R. Let u ∈ U and R ′ = R − u. Let D = U − u and S = W . Since k is odd, so So by Theorem 1.3, G − u contains no k-factors.
